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Abstract 

For a large class of nonuniformly expanding maps of M™, with indiffer- 
ent fixed points and unbounded distorsion and non necessarily Markovian, 
we construct an absolutely continuous invariant measure. We extend to 
our case techniques previously used for expanding maps on quasi-Holder 
spaces. We give general conditions and provide examples to which apply 
our result. 



Introduction 

A challenge problem in smooth ergodic theory is to construct invariant mea- 
sures for multidimensional maps T with some sort of weak hyperbolicity and 
then to study their statistical properties (decay of correlations, central limit 
theorem, distribution of return times, etc.). For nonuniformly expanding endo- 
morphisms of M™, only few results exist at the moment. When the system has a 
Bernoulli structure, or verifies the so-called "finite range structure" , and it en- 
joys a suitable distortion relation (Renyi's condition), M. Yuri [2211131 was able 
to construct an invariant, possibly cr-finite, measure absolutely continuous with 
respect to the Lebesgue measure. Young's tower ([10112])) which is mainly for 
nonuniformly hyperbolic systems, also works for nonuniformly expanding maps, 
and the invariant measures and other statistical properties can be obtained, 
if some bounded distortion properties are assumed. In Alves-Bonatti-Viana's 
work (m, also see [HlEISDi nonuniformly expansion are understood as the av- 
erage value of log ||r'T(a;)~^|| along the orbits to be less than zero for almost 
every points. Under some conditions on the set of critical points, they can 
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construct an absolutely continuous invariant measure. Recently this theory has 
been applied to maps which allow contraction in some regions |15l 1^. 

The aim of our paper is to treat a class of nonsingular transformations with 
indifferent fixed points which do not enjoy any Markov property. We obtain 
existence of absolutely continuous invariant measures that can be finite or in- 
finite, depending on the behaviour of T near the fixed point. The technique 
we use consists of the following steps. We first replace the transformation with 
the first return map with respect to the domain outside a small region around 
the indifferent fixed point. What we get is a uniformly expanding map with 
a countable number of discontinuity surfaces. Then we prove a Lasota-Yorke 
|14) inequality on the induced space by acting the Perron- Frobenius operator on 
the space of "quasi-Holder" functions, particularly adapted when the invariant 
densities are discontinuous. As soon as the Lasota-Yorke inequality has been 
proved, simple compactness argument will allow us to apply the lonescu-Tulcea 
and Marinescu theorem to conclude that there exists an absolutely continuous 
invariant measure. The space of quasi-Holder functions, introduced by Keller 
[T^ . developed by Blank [7j and successfully applied by Saussol and suc- 
cessively by Buzzi [S] (see also JUl) and Tsujii 19 to the multidimensional 
expanding case, reveals to be very useful to control the oscillations of a function 
under the iteration of the PF operator across the discontinuities of the map. 
The use of the more standard space of bounded variation functions allowed as 
well to get absolute invariant measures for a wide class of piccewise expanding 
maps, see, for instance piTTniTlITT]. 

In adapting to our situation the Saussol's strategy to prove the Lasota-Yorke 
inequality, the difficult part comes from the indifferent fixed points. Unlike in 
one dimensional case, the maps in higher dimensional space have unbounded 
distortion away from the indifferent fixed points, that is, there are uncountably 
many points x, whose neighborhoods contain points y, arbitrary close to x, 
such that the distortion of |detZ?T| is unbounded along the backward orbits 
towards the indifferent fixed point (see Example 1 in Section 2). This forced us 
to a certain number of assumptions which basically reduce to insure sufficiently 
good expanding rates in a small neighborhood of the neutral point, and insure 
bounded distortion along the curves close to radial directions (Assumption 4(b) 
and (c)). A careful view at the proofs will reveal that such assumptions are 
unavoidable, unless to modify deeply all the structure of the approach. We 
nevertheless point out that our hypothesis could be easily verified on some 
simple cases if the local behavior of the map T near the indifferent fixed points 
is understood. On the other hand, it seems that other known techniques are 
difficult to apply. Since we know that distortions are unbounded for the maps we 
are interested in, Young's results cannot be applied directly. Also, the condition 
lim sup„_,o2 ^YJlZ^\og\\DT{T'{x))-^\\ < in g] cannot be obtained m our 
case (and in fact it fails if T admit a a-finite absolutely continuous invariant 
measures). If we study the first return maps T instead, then |jZ?r2;(?;)|| can be 
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arbitrary large for x close to the discontinuity set, and therefore the assumptions 
on the critical set in [2] are not satisfied. 

The plan of the paper is the following: in Section 1 we state the assumptions 
and the main theorems, A and B. Section 2 is devoted to examples. The proofs 
of the main results are in Section 3 through 6. 

1 Assumptions and statements of results 

Let M C be a compact subset with intM = M and d be the Euchdean 
distance. Let be the Lebesgue measure on M. We assume vM ~ 1. 

Foi AcM and e > 0, denote Be{A) ^ {x £ M™; d{x, A) < e}. 

Let T : M ^ M be an almost expanding piecewise smooth map with an 
indifferent fixed point p. 

We assume that T satisfies the following assumptions. 

Assumption 1. (Piecewise smoothness) There are finitely many disjoint open 
sets Ui, - ■ ■ , Uk with M — IJ^j^ Ui such that for each i, 

(a) T, -.^Tlu, -.U^^M IS C^+" ; 

(b) Ti can be extended to a C^^" map Ti : Ui ^ M such that TiUi D B^-^ (TiUi) 
for some Ei > 0, where Ui is a neighborhood of Ui. 

Assumption 2. (Fixed point) There is a point p £ Ui such that: 

(a) Tp^p; 

(b) T^^p ^ dUj for any j. 

Since M C M™, we may take a coordinate system such that p = 0. Hence, 
we write |a:| = d(x,p) if a; S M. 

For any x €Ui, we define s{x) ~ s{x,T) by 

s{x, T) = minjs : d[x, y) < sd{Tx, Ty), y £ Ui, d{x, y) < minjei, 0.1|a;|} }. 
Denote by jm the volume of the unit ball in K™. 

Assumption 3. (Expanding Rates) There exists an open region R bounded by 
a smooth surface with p £ R, R C TR, TR C Ui and with cither R C TUj or 
R n TUj such that: 

(a) < s{x) < 1 yx £ M \ {p}, and if s(x) = 1 then x £ R and \Tx\ > \x\; 

(b) there exist constants 770 £ (0, 1), £2 > such that 

+ A < ryo < 1, 
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where 



s :— max{s(a;) : x G M\R}, 



and 



A = max|2 sup sup e^, . \, (1-1) 



Gu{e,eo) = sup Gu(x,e,eQ), (1.2) 



^ j/(-B(i_,)^„(x)) 



(c) f/iere exists N = Ng > and £3 > such that for all x € R^^ {TR\R), 

for A given by and I and given by Assumption 4(c). 

Remark 1.1. By Assumption 3(a), the map Tj : Uj — > Tj(Uj) is noncontracting 
for each j , and therefore it is a local diffeomorphisms. Also, by the assumption, 
for any x € Ui, T^^x — > p, because the set of limit points of {T^^x} cannot 
contain any other point but p. 

Remark 1.2. Assumption 3(b) is the main assumption that requires uniformly 
expanding outside R and gives condition on the relations between expanding 
rates and discontinuity. We refer to llTJj for more details about the meaning 
o/G(7(e,eo). (In fact, for small eq, Guis, £o)£o/£ is greater than As jm~i/ — 
5)7"^ if there are at least two surfaces dUi meet at some point. See Lemma 2.1 
in i^.) 

Remark 1.3. Assumption 3(b) implies v{dUj) — for any j — 1, - ■ ■ , K . * 



*In fact, if u{dUj) > for some j, then we take the set of the density points 

u(Be{x)ndUj) _ \ 



X & M : Hm 



By the Lebesque-Vitali Theorem (see, e.g. | 18| . Chapter 10), uA. = u{dUj) > 0. In particular, 
A ^ 0. Therefore for any a; G A, if eo is sufficiently small and e = (1 — s)£o, then 

^ ^ ;.(T-is,(aTC/,)ni?(i_,),Jx)) u{du,nB4x)) 

is sufficiently close to 1, which contradicts to the assumtion. 



4 



Remark 1.4. We allow that s(x,T) = 1 for some x other than p. However 
we still need some expanding rate inside R. This is given by Assumption 3(c). 
If s{T^^ {x),T^) can he arbitrarily small by taking N sufficiently large, then 
Assumption 3(c) is always true. 

Denote Rq = TR\R. Clearly, Rq c Ui because of the choice of R. 

Assumption 4. (Distortions) 

(a) There exists c > such that for any x,y G TUj with d{x, y) <e\, 

\detDT-^{x)-(ieiDT-^{y)\ < c\ det DT-\x)\d{x,y)°' , 
where £i is given by Assumption 1(b); 

(b) For any b > 0, there exist J > 0, £4 > such that for any e e (0, £4], we 

can find < N = N{s) < 00 with 

|detOTi"(y)| yy^B,{x), x e B,,{Ro), nG{0,N], 



|det DT-"{x)\ 
and 



^ sup I det DTf " (y ) I < 6£"+" Vx G Ji?o ) ; 

(c) There exist constants 7 > 1, > 0, £5 > such that for any < £0 < £5, 

n > 0, there is a finite or countable partition ^ = ^„ of Bg^^Ro) such that 
e < £ < £0, diam(A n B^^idRo)) < 5meo, 

HBAm>r,A»^^fs_y^ (1.3) 



iy{B,,{dRo)nA) - "yeo 
whenever v{T^'^{Bg^{dRo)) f\A) ^ 0, and for any x,y G A, 

|det£>Tf"(t/)| 



I det £>Tf" (a;) I 



< /. (1.4) 



Remark 1.5. In fact, Assumption 4(0') is a consequence of Assumption 1. 
However, we state it here independently due to its importance for our arguments. 

Remark 1.6. If T^^ has bounded distortion in Bi;^{Ro) in the sense that for 
any Jq > 1, there is s > such that for any x,y G B^^ (Rq) with d{x, y) < e and 

for any n > 0, ) "^^^ — < Jod(x,v)", then Assumption 4(b) and (c) are 
■' ^ |det£lTf"(a;)| - ^ ' ^ ' ^ ' 

true with £4 = £5 = £0 . 



twe note that by Assumption 1(b), the map x — > | det DT{^x)\ is continuous on V i for each 
i. Since fjj is compact, | det £'T(a;)| is bounded. Hence, Assumption 4(a) follows from the 
fact that T is piecewise C^+™, Assumption 1(a) 
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Remark 1.7. Actually, by our proof the condition diaTa(AnB^g{dRo)) < 5meo 
in Assumption 4-(c) can be replace by 

diamTf'X^n Be„(ai?o)) < .s( ) 

for all n > Ns, where s and Ns are given by Assumption 3(b) and (c) respectively 
(see CTj. 

Remark 1.8. When we iterate the system, oscillations of the test functions 
are produced by both discontinuities dUj and distortion of \det DT\. It is very 
common for an expanding system in multidimensional space with an indiffer- 
ent fixed point to have unbounded distortion near the fixed point. (See Ex- 
ample 1 in Section\^. Assumption 4(b) requires that either the distortion of 
\dct DT^"'(x)\ or | det£T|~"(x)| itself is small. On the other hand, if the dis- 
tortion of\ det _Dr-|~"(x)| is bounded along the radial direction, then Assumption 
4(c) holds. 

Theorem A. Suppose T : M ^ M satisfies Assumption 1-4- Then T admits 
an absolutely continuous invariant measure /x with at most finitely many ergodic 
components fii, - ■ ■ , tho-t o.f^ either finite or a -finite, and the density functions 
of fii are bounded on any compact set away from p. Hence, 

oo 

• /i is finite if v{T^^R) < oo. 

n=l 

Moreover, if \det DT\ is bounded and for any ball Bi;{x) in M, there exists 
N = N{x, e) > such that B^{x) D M , then the density function is bounded 
below by a positive number. Hence 

oc 

• /i is a -finite if v{T^^R) = oo. 

ri=l 

Remark 1.9. We will give an example in Section 2 showing that it is possible 
for fi to have both finite and a-finite ergodic components simultaneously, and 
both contain the same indifferent fixed point p in their supports. 

Since Assumption 4(b) and 4(c) are difficult to verify, we give some sufficient 
conditions in the next theorem. 

One of the interesting cases we would discuss is the following: there are 
constants 7' > 7 > 0, Ci, C- > 0, i = 0, f , 2, such that 

\x\{l-Ci,\x\^ + 0{\xP'))< \Tr'x\<\x\{l-Co\xP+Oi\xp')), (1.5) 
1 - C[\xp < \\DTr\x)\\ < 1 - Ci\x\\ (f .6) 

C!,\xr' < \\D'T-\x)\\ < C2\xr\ (f.7) 
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If T satisfies all of the inequalities, then |li?Tp|j — 1. So DTp is either the 
identity or a rotation. If T satisfies the second inequalities in p.5|l - H1.7|) . then 
1 1 DTp 1 1 may have eigenvalues greater than 1. 

In the theorem below, we denote by E{vi, • • • , Vk) the subspace spanned by 
vectors vi, - ■ ■ ,Vk, and by Ex{S) the tangent space of a submanifold S" at a point 
X G S. Also, we may use a coordinate system {t,(j>) near p where t = \x\ and 
(f) € S™^^, the TO — 1 dimensional sphere. 

Theorem B. Suppose T : M —> M satisfies Assumption 1-3 and 4(o-)- 
sumption 4(b) and 4(c) are satisfied if the conditions in Part (I) and (II) below 
hold respectively. Hence, the conclusions of Theorem A hold. 

I) One of the following conditions holds: 

i) There exists a constant k G (0, 1) such that \ detDTj > > 1, and 
a constant a > a such that T is C^'^"' in a neighborhood of p. In this 
case, fi is finite if Assumption 4(c) also holds. 

a) There exists an open region R d R containing p with T^^R C R for 
some L > 0, and constants 7' > 7 > 0, Co,Ci,C2 > such that 
the second inequalities in ^1.5\) - ^T7J\ ) hold; and there exist constants 
S,T > 0, Cs,Cr > with 



7(1 — a) m + a 

such that for any x Cz Rq, n > L, 

|detDTf «(:r)| < ^, ||DTf "(2^)11 < ^- (1-9) 

II) One of the following conditions holds: 

i) There is a decomposition ofTR into finite or countable number of 
cones {Ci} and a partial order " on each Ci H R such that v^R \ 
UiCi) = and T{Ci R) = Ci TR; x -< Tx for any x G CiO R and 
for any y G Rq there is x € dR such that x ^ y < Tx; x < y implies 
T~^x -< T^^y and \det DT{x)\ < |dcti:>T(y)|. 

ii) Suppose T is C^^'^ and satisfies ^.5}I - {T7^ near p. There are two 
families of cones {Cx} and {C^}, continuous uniformly in (t, (j)), where 
t > and (/) = S™^^ with (t, (p) G TR, in the tangent bundle over the 
set TR such that (a) DTx{Cx) C Ctx and DTx(C'x) D Clpx ^ R; 
(b) there exists a positive angle 9q such that for any x G TR and 
V G Cx and v' G C'x, the angle between these two vectors is bounded 
from below by 9q; (c) 3d > 0, such that 

\\T>J-x\e{v)\\ ■ \\T>1x\e{v')\\ 
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for any v,v' G C^; and (d) Cx contains the position vector from p to 
X for all X £ TR, C'^ contains Ex{dBe{Ro)) for all x € d{Be{Ro)), 
< £ < £5; and 

\\DT.\E(oiTrR))\\^ \^\i/ii^o) Vxe9(Tr"i?), n>0 (1.11) 
for some 6 with (1 + 7)(1 ~ 9) > I. 

Remark 1.10. The condition in Theorem B.I).i) means that DTp has at least 
one eigenvalue with absolute value greater than 1 . 

The condition in Theorem B.IIJ.ii) part (c) implies that under DT , vectors 
in the cone Cx expands faster than that in C'x ■ 

Remark 1.11. // we write DT{x) = ro(x) + T^{x) + Th{x), where Tq = DTp, 
T^ satisfies T^{tx) — t'^T^{x) Vt > and \Th(x)\ = 0{\x\'~' ), 7' > 7, then the 
cones {Cx} and {C'x} are mainly determined by Tj as x near p. So it is easy to 
get uniformity near t ^ 0. 



2 Examples 

In the next example we show that near an indifferent fixed point p of a map 
T : R™, distortion may be unbounded even away from p in the sense 

that there is a point z such that for any neighborhood F of z, we can find z gV 
such that the ratio 

I dot DTf "(z)|/| dot DTf "(z)| (2.1) 
is unbounded as n — )■ 00. 

Example 1. Define T : ^ in such a way around (0, 0) it behaves like: 
T{x,y) = {x{l + x^+y^), y{l + x^+y^f). (2.2) 
It is easy to see that 



DT(xv)-i ^ + + 2xy + 0(|zn - 



and 

det DT{x, y) = l + 5x^ + 7y^ + 0{\z\'^), (2.4) 



where z — {x,y) and \z\ — y^x^ + y^. 

Note that in this example, T is locally injective and T~^ will denote its 
inverse. Take z' ^ (a;o,0) and denote z'j = T~^z'. By Lemma f3. II in the next 

section, we have |z'J ^ , where a„ ~ 6„ means lim — 1. Hence by 

V2n n^oc bn 



8 



D' 

(El) and Lemma IX^ \ dct DT^'^izM < for some D' > 0. On the other 

hand if we take z" — {0,yo) and denote z^' = T^"'z", then |z"| ~ and 

\/4n 

n" I Hot nT^''U7"]\ 

I det DT-"(z")\ > for some D" > 0. So i-^ ^ oo as n ^ oo. 

' V ^1 - ^7/4 I det DT-"(z') I 

Suppose that for every z ^ (0,0), there is a neighborhood V such that for 

all z E V, the ratio in (|2.1|) is boimdcd for all n > 0. We take a curve from z' to 

z" that does not contain the origin. By choosing finite cover on the curve, we 

know that the ratio | det i:»T-"(z")|/| det DT-'^z')] should be bounded. This is 

a contradiction. It means that there are some points away from (0, 0) at which 

distortion is unbounded. 

In the next two examples we show how to get Assumption 4(b) and 4(c) by 
applying Theorem B. 

Example 2. LetT -.R^ —>R^ be given by 

T{x, y, z) = {x{l + +y^ + z^), y{l + x^ + y^ + z^f,z{2 + + + ^2)3^ 
as {x,y,z) near the origin. 

Note that by similar arguments as above we know that for this map the 
distortion is also unbounded away from the origin. 

Since det£T(o,o,o) = 2 and T is C°° near the origin, by Theorem B.I).i), 
Assumption 4(b) is satisfied. 

Let Ci, i = 1, • • • , 8, be the eight octants in M.^, and define a partial order 
by letting wi = (a;i,?/i,zi) ^ W2 = (2:2,2/2,22) if < \x2\, \yi\ < \y2\ and 
l^^il < \z2\- Clearly all the requirements in Theorem B.II).i) are satisfied. So we 
get Assumption 4(c) as well. 

Example 3. Let T : ^ defined as in the first example. 

For any z — (x, y), we denote z„ — T^"z. 
Note that 

|z|(l + |zp + Oi\z\^)) < \Tz\ < \z\{l + 2|zp + Oi\zf)), 

or 

\zn\{l + k„P + 0(|z„|4)) < |z„_i| < |z„|(l + 2|z„p + 0{\zX))- 
So by Lemma I3. II we have 

^ +0{n-^')<\z^\< ^/ +0(n-^'), (2.5) 



v/4(n + k) - ^2{n + k) 

for some integer fc, where /?' > 1/2. 
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Since lE3I) implies that \ det DT{z)\-'^ < 1 - 5|zp + 0{\z\'^), by (ESJ and 
Lemma [3. 21 we get 



\det DT-'^{z)\ < Dn^^/^. (2.6) 



Also by 



^ -4xy + 0(r4) 1 - 2:1^ _ gy2 ^(^4) 

So ||i:>T-i(z)|| < 1 - |z|2 + 0(|z|4), hence by Lemma rO 

\\DT-''{z)\\ < (2.7) 

for some D' > 0. Now by l|2.6(l . (|2.7(l and (|1.9(l . we know that (5 = 5/2 and 
T = 1/2. Since m = 2 and 7 = 2, we have (O if a = 1/2. By Theorem B.I).ii), 
T satisfies Assumption 4(b). 

Now we check that T satisfies Assumption 4(c). It is obvious that we can 
use Theorem B.II).i). However, we use this map to show how to apply Theo- 
rem B.II).ii). 

Note that if we take two vectors = {x,y)* and Vq — (y, — x)* at the 
tangent plane of z = {x,y), where the asterisk denotes transpose, then by (|2.3|l 
we have 



DT,{vo) = 



X + ix^ + ixy^ + 0{\z\^) 
y + 6a;2y + 6y3 + 0(|z|5) 

r^rj. / /^ ( y + x-'y + y^ + 0{\zf) 

oi -\^nc-2x^- 2x2/2 + 0{\zf) 

This means that \DTz{v'q)\ < \DTz{vq)\. We define Cz at each point z as the cone 
bounded by lines generated by vectors 3wo + 2v'q and 3vq — 2vq and containing 
Vq, and define as the cone bounded by lines generated by vectors 3v'q + 2vq 
and 3^0 — 2vq and disjoint with Cz- We can check that Part (a) and (b) in 
Theorem B.II).ii) are satisfied. Also we can check that for all unit vector v' G C'^, 
\DTz{v')\ < |Tz|2-5/|z|2-5. So if we take R in such a way that the tangent 
lines of d{T^"°R) are in the cones C for some uq > 0, then we use the fact 
L'T-i(C') C C to get that Part (c) is satisfied for all n>no with 1-0 = 2/5. 

In the next example the absolute continuous invariant measure fj, has a finite 
and a cr-finite ergodic components simultaneously, and both contain the same 
indifferent fixed point p in their supports. 

Example 4. Suppose the map T : M ^ M satisfies Assumption 1 - 4('^)j ^.i^d 
in a neighborhood, say Bi{p), of the indifferent fixed point p, T has the form as 
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We also assume that there is a partition of M — {Mi,M2} such that for 
i = 1,2, TMi = Mi and for any ball B^{x) in Mi, there exists an integer N 
such that T^Be[x) = Mi, and 

{z = {x,y) e Blip) ■■y<x^}c Ml, {z = {x,y) € Bi{p) : y > x^} C M2. 

This is possible since it is easy to check that TTnBi{p) — T, where T — {{x,y) £ 
Bi{p):y = x^}. 

By the above example, we know that T also satisfies Assumption 4(b) and 
4(c). Therefore Theorem A can be applied. Since both Mi and M2 are invariant 
sets, T has absolutely continuous invariant measures /zi and ^2 with respect to 
the Lebesgue measure restricted to Mi and M2 respectively. Now we show 
fiiMi < 00 and = 00. 

For this purpose we may assume that R = Bi{p). By H2.5|l . we know that 
Tf "i? C B^/^ip) for all large n. So 

i^(rf "i?n Afi) < z.{(x,2/) : +y2 < i.^ Ij^i < |^|2| < C(i-)'^' 

00 

for some C > 0. It follows that ^ j/(rf "i? n Mi) < 00. Applying Theorem A 

to the system T : Mi ^ Mi, we get that fiiMi < 00. 

Also, by H2.5|l . we have that T^^R D -Sj^^2V4n(p) f^'" large n. Hence it 



is easy to see that v{Ti "R) > n/Wn and therefore t^{Ti "i?) = 00. Since 



n=l 
00 



viT^^'R n Ml) + i^(Tf "i? n M2) = v{T^''R) , we get ^ i/(rf "i? n M2) = 00. 

n=l 

So we have PL2M2 = 00. 

3 Proof of Theorem B, Part I) 

We first prove a few Lemmas. 
For 7 > 0, let /3 = I/7. 

Lemma 3.1. // 

tn-i > tn + Ctl+^ + 0{t]+^') yn > 0, (3.1) 
where 7' > 7, then for all large n, 

for some f3' > P and A: G Z. The result remains true if we exchange "<" and 
"> ". Therefore, if I.*?. 1\) becomes an equality, then so does 



11 



Proof: We claim that if 

tn-i>t^ + Ctl+'> + C'C', (3.3) 

for some large n and 

1 / 1 

7^ 1 + -^ 

70 n V n° 



77^(1 + (3-4) 



for some 6' > 0, then 



F ^ (i 

- 7C(n- 1) V ' {n-iy 

This gives the results since we can choose an integer k such that for some large 
no > 0, 

i7< I (1 + I 

" - 7C(no + k)\ (no + 

By relabelling the indices, the claim implies (|3.2() for all n > uq. 

Now we prove the claim. Denote 7„ = 7(1 + n^* ) . By (|3.3|) and 13. 4|) . 

iZ-i > i„^(l + C^i„^ + C'i„^y > (1 + + tt^-^^-ttt)^. 

^ ^ Cn7„ V C?i7„ (Cn7„)T/'i'/ 

To prove the lemma we only need to show that 

1/1 C" \7 1 
1 + + -TZ > 



n7„ V n7„ (Cn7„)T'/7/ (n - l)7„_i ' 
or, equivalently, 

I 1 I 1 I c In _i + (n-i)- 



n7 ni+'5'7 [Cn-y.nY h I " 7„_i 1 + n"*'' 

Take J' < min{l, 777 - 1}. Then (n7„)-('T'/T) is of higher order. We can check 
that as n — > cxd, the left side of the inequality is like 1 + tt'^^^^ ^ and the right 
side is like 1 + 5'n^(^+'' \ Since 8' < 1, the right side is smaller as n large. □ 



Lemma 3.2. If for alln > 0, i„ satisfies EH), andr{tn) < l-C'tl + 0{tl+''''), 
where C" > 0, then there exists D > such that for all fco > k, 

T/ie result remains true if we replace "< " by "> " in all three inequalities. 
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Proof: Note that 



where 7' > 0. Then we take the product. 



l + 0(^) 



□ 



Lemma 3.3. Let 9 e (0, 1) and C\,Ci, D\ > 0, and let R C K™ be a bounded 
region containing the origin. Suppose the map T : R ^ M™ is injective with 
T^^R C R and satisfies 



d{Tx,Ty)>{\^^C[\xy)d{x,y), 



log 



detDr(2;) 



det DT{y) 



< C2\x\-'-^d(x,y) 



(3.6) 
(3.7) 



for all x,y R with d{x,y) < \x\/2. Then there exists J' > such that for all 
x,y ^ TR with 



d{xi,y,)'^ ^ < Di\xi\, i = l,---,n, 
where Xi = T~^x and yi — T^^y, we have 

det LIT" (x„) 



log 



< J'd{x,yf. 



detOT"(y„) 

Proof: We prove by induction that for all i = 1, • • • , n, 

AeiDT^{xn) 



log 



log 



detDT»(2/„) 
For i = 1, by igSIl, (EHJ and (EUl, we have 
det DT{x„ 



(3.8) 



(3.9) 



(3.10) 



detOT(y„) 



< C2Di\XnVd{Xn,ynT < C2Di\Xn-ird{Xn-i,yn-iy 



So if J' > sup{C'2-Di |a;|''' : x G R} then the right side of the inequality is less 
than J'd{xn,yny because |x„| < |a;|. 

Suppose H3.10|l is true up to z = fc — 1 . Then similarly we have 



log 



det DT'^ixn) 



< log 



detOT'=-i(a;„) _^ det DT(a;„_fe+i) 



detDT'^iyn) " detOT'=-i(2/„) ^detOT(y„_fc+i 



< j'd{Xn-k+l,yn-k+lf +C2\Xn-k+lP ^ d{Xn-k+l , Un-k+l) 

J,/-. , C2D1 \ d{Xn-k+l,yn-k+lY s0 

= J(H -fJ-\Xn~k+lV ] -T, 77 d{Xn-k,yn-k) 

\ J' / d(Xn-k,yn-kr 

C2D1 , ,„A 1 



(l + Ci\Xn-k+in' 



;d{Xn-k,yn~k) 
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Clearly if J' is large enough, then the right side is bounded by J'd{xn-k,yn-k)^ ■ 
We get (IXTU|) for i = k. □ 

Proof of Theorem B, Part I): 

i) We may assume that T is C^+" and | det DT\ > > 1 on TR, because 
otherwise we can increase N{e) and J. We may also regard a < 1. So there 
exist ci > such that 

\det DT,-\y)\ - 
< 1 + cidix, y) 

for all x,y E TR. Let Xi = T^^x and yi — T{'^y. Clearly, d{xi,yi) < d{x,y). So 
if d{x, y) < e and < n < N, then 

^SiRI^ ^(-««" 

Also, there exists C > such that for any y e B^iRo), \ detLTf "(y)| < Ck". 
Hence, 

sup |detOTf"(y)| <- . 

Let 6 > be given. 
Consider the function 

(l + cie")^«-'=2i°s^ 

= TTj^^^ ' 

where Nq — 1 + log(C~^6(l — K))/logK and C2 = —(to + Q!)/logK. Since 
lim(l + cie")^«-^2i°s'^ = 1, we have lim <7{e) = 1. Note that if 

{No - C2 log£)acie""i • (1 + Je") - aJe""^ • (1 + cie") < 0, (3.12) 

then cr'(e) < 0. Since a > a, the first term in H3.12|l is of higher order. So 
we can choose J > and £4 > such that for all e £ (0,64], (|3.12|) holds and 
therefore a{e) < 1. 

Now for each e G (0, £4], we take N — N{e) as the integer part of A^o— C2 loge. 
Clearly, for such TV we have 

1 - K - 

So the second inequality in Assumption 4(b) is true. For the first inequality, 
note that 

(1 + cie")^ < (l + cie")^»-"^^°se < 1 + je". 
Then by l|3.11|l we get what we need. 
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ii) Denote (3 — l/j and 9 — a. Take p > such that 



T < p < . (3.13) 



1 — 6* m + a 

Let 6 > be given. 

Note that by Lemma f3.ll H1.5|l imphes that there exists Cq > such that 
for any x G Rq, |x„| > —= rr. Take Nf, > L such that for all n > N^, 

b--^ (E f) ^ < ^ < < -X . ' ^'-''^ 

k=n " ^ n [n i) 2C^^J^nT^-^ 

where Cg and Cr are as in (|1.9|) . The inequality is possible because of H3.13|l . 

Note that ((T^ and lfTT|) imply (|^^ and (|T7|l respectively. By Lemma ESI 
we can take J' > such that (|3.9|) holds for any x ^ Rq, n > whenever ()3.8|l 
holds with Di = 1 for all Xj, y^, « = 1, • • • , n. 

Take £4 > such that for all x, y with x Cz Rq, d{x, y) < e\, n = 1, • • • , Nb, 
we have d(x„, y„)^~^ < |x„|. By the choice of J', (|3.9I) holds for all 1 < n < Nb- 

Then we take £4 = min{£4, 1/A^^}, and J > such that e"''^^ < 1 + J£4. 

We show that J and £4 satisfies the requirement. Let e G (0,£4]. Take 
N = N{e) > Nb such that 

1 1 

< £ < 



NP - {N- 1)P' 

By the first incquahty of H1.9|l and l|3.14|l . 

00 00 ^ 

V sup I detDT-^{y)\ < Y < b r— T < be""^"- 

On the other hand, if a; G i?o and d(x, y) < e, then by the last inequality of 
lfO|l and for any Nb <n< N, 

, , 2C7- 2Ct- 1 1 1 

Kn,ynj_^^ - (7V-1)P - ^T^^^ - ' 

So we know that (|3.9|l holds for all < n < iV. Then by the choice of J and 
the fact 9 — a. 



det DT'ixn) 



< e'^''^(=^'?^)'' < e'^'"° < 1 + j£° 



det DT^{y„) 

This is what we need. □ 
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4 Proof of Theorem B, Part II) 



This proof consist of two parts, i) and ii). 
i) For X e denote 

V{x) = {ze Rf)-. x<z< Tx}. 

Clearly the collection {^{x) : x E dR n Ci] form a cover of d n i?o- So we 
can construct a partition ^ of Rq such that every element of ^ belongs to some 
V{x). 

Note that for any x, 

|deti.Tr"(.)| _ |deti.T(.)| 



\ Act DT^''{Tx)\ \dct DT{x. 
is always bounded. So for any y,z E 'D{x), we have 

|deti.rr"(,)|^ \AeiDTri.)\ < , ,,r(.)|. 



|deti:)rf"(z)| - |deti:'Tf"(Tx) 

Hence (II .41) follows. Obviously we can arrange the partition ^ in such a way 
that H1.3|l also holds. Therefore ^ is a desired partition for any n. 
ii) First, we take 6* > such that 

DT.,{v') < (|Tx|/|x|)i/(i-'') 

for all X e d{T^"R) and v' e E^{d{T^'^R)). This is possible because of the 
assumption stated in Part (d) of Theorem B.(ll). So for any n > 0, if we take 
x,y E dRo such that d{xn,yn) < -Di|a;„|^/'^^~^\ we have 

d{x^,y,) < Di\x,\'^^^-'^ Vz = l,---,n. (4.1) 

By Lemma [3.31 we get that there exists /i > such that 

\detDTriy)\ 



|det DT^'^ix) 



<h- (4.2) 



That is, H1.4|l holds for all such x,y. 

We construct ^ = Note that we only need do it for n sufhciently large. 
Since the family of cones C'^ are continuous uniformly in {t, 0), we can find to > 
such that for any x,y G TR with d(x,y) < to, the Hausdorff distance between 

and C'y is less than 9o/2. Then we take N > large enough such that for any 
X E Ro and n > N, \xn\ < to- Note that for any x, the position vector from p 
to X, denoted by Ux, is contained in Cx- By Part (a) and (d) in the conditions 
of the theorem we know that at a; S Tj~"(9i?o), C'^ contains the tangent plane 
of the surface. Hence, if v' G Ex{T^^{dRo), then the angle between Ux and v' , 
denoted by Z(u^, w'), is larger than 9o, and therefore for any v' £ Ey{Tj^"{dRo), 
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we have Z{ux,v') > 9o/2, whenever y G T^^[dRo) with d{x,y) < to. So for 
any x,y G Tj~"(9i?o) with d{x,y) < to, we have ds{x,y) < d{x,y)/ sin(6'o/2), 
where ds{-, •) is the distance restricted to the surfaces {Tf"{dRo)}- This means 
that we can take a partition ^^"^ on T]~"(3i?o) such that every element of 
^("^ is contained in a ball of radius ja^nl"'^^'-^"^'' and containing a ball of radius 
|a^„|^/'-^~^VlOmsin(6'o/2), with respect to the metric on T-f"(9i?o)j and these 
elements are close to (m — 1) dimensional disks. Denote ^' ~ T"^*^"^. Clearly, 
it is a partition of dRo- Then we can take a partition ^ of i?o whose elements 
has the form U^eA'^^x H Ro, where A' is an element of and J^x is given in 
Lemma 14.11 

Now we prove that ^ satisfies (|1.3f) and (|1.4|) . Condition (|l.t)|) implies 
\\DT{p)\\ = 1. We first consider the case that DT{p) = id. 

By jrni), we know that d{x, Tx) < C\x\^+^ for some C > 0. So the "width" 
of the annulus Tf\B,,{Ro)) is bounded by C'\T^'x\^+^ for some C" > 0. 
By Part (b) and (d) of the condition in the theorem, for < e < £5, a; S 
Tj^^{dB^{Ro)), the angle between the tangent space of T^\dB^{R)) and the po- 
sition vector Ux is larger than ^o- So the length of the curve J-rp-i^DT^^B^^ (_Ro) 
is bounded by C|T]~*x|^+^ for some C > C . Hence, for any x, y e iJ^^ [Ro) with 
y £ Tx, can get 

d{x,,y^)<C\x,\'+■^ (4.3) 
and therefore by applying Lemma 13.31 get 

\deiDTr{y)\ 



|det DTf"(x)| 



< h (4.4) 



for some I2 > 0. Also, the construction of ^' implies (I4.1|l and therefore (|4.2|l 
for any x,y G A' , where A' £ So by the construction of ^, we get (|1.4|l with 
/ = for any x,y £ A. 

On the other hand, for any x,y E B^^ (i?o) with y £ Tx, we have (14.3(1 . So we 
can apply Lemma E^ to get that inside A, distortion of \DT\e(j^) \ is bounded. It 
means that for each x £ A, the ratio of the length of T^^{B^{dRo) n A)) n 
and the length of T^"'{B^^{dRo) n A)) n Tx„ is uniformly bounded by e/eo 
multiplied by a constant. Notice that the angle between the tangent vectors 
of T and the tangent space of T^"{dBs{Ro)) are greater than ^o- Also notice 
that by the construction of for any A £ ^, the size of the set T^^A along the 
fiber direction is much smaller than the size of T^'^A'. Hence, the ratio between 
v{T^"-Be{dRo)r\A)) and i/(Tf "5^0 (9i?o) n ^)) is bounded by a constant times 
e/eo < (e/eo)" for some a £ (0, 1]. Now we use (|1.4|l to get (11.3(1 .^ 

•'■Let us make this argument more precise. We denote with A'„ and A„(e) respectively the 
backward iterates T~"A' of some A' g and of the set AnB^{dRo) where A = U^^j^i^x<~[Ro- 
Since the angles between the tangent spaces of the curves J^x and the tangent spaces of the 
e-neighborhood of the boundary of Rq are uniformly bounded away from zero, the length of 
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If DTp ^ id, then it is a rotation, say S. Hence near p we can write Tx = 
Sx + Tr{x) where \Tr{x)\ < C\x\^+'< . If we write = id+S'^ oTr-o S^-\ then 
T" = 5*" o r(") o • • • o T(i). It implies that the "width" of the annulus T^'Rq is 
bounded by C\T^^x\^'^''' . Then we apply the same arguments to get H1.4|l and 



Lemma 4.1. There is a foliation on {J-^x} on TR \ {p} consisting of curves 
from p to points on d{TR) such that for any x £ TR, the tangent line of Tx 
lies in Cx , and TTx H TR — Ttx ■ 

Proof: Denote Ex = Hn^-ofT^'-^^lCj,-™^) for aU x E TR\{p}. By LemmalO 
we know that sine of the angle between any two vectors in DT^_„ {Crp-n ) is less 

than (1 — (i|a;„|''') • • • (1 — By (|1.5() and Lemma ITTl the product diverges 

as n ^ oo. So {Ex} is a subbundle of the tangent bundle over TR\{p}. Further, 
we have DTx{Ex) — Etx for all x G R. By Lemma [4.31 we know that {Ex} 
satisfies the Holder condition near each x with Holder constants depending on 

the curve J^x n Be{dRo), when x g A', is of order e. Its n-backward iterate in An{e) will be 
therefore bounded by a constant times e times d^^i^ where d^^M is the maximum over the 
e-compact neighborhood of i?o of (see above; equivalently we set dn.m the minimum 

of lrj~*a;| over the e-compact neighborhood of -Rq)- Let us call this upper bound Z„ ,,. We 
construct then the /n,e-neighborhood of A'„, Bi^ _,(AJj). Clearly 

where AJ^ ^ = £ T^'^A';d(z,A!^) < /n.e} and i^' denotes the riemannian volume on 

1 

T~^dRo. Since A'^ ^ is contained in a ball of radius d'^^^ + /n.e and A'^ by construction 
1 

^ 1 — ^ sin /2 1 

contains a ball of radius " "'lOy^ > have that u'{A'„^^) < const{d^^^ + in,e)'"~"'"7m-l 

1 

and u'(A'^) > ( '^"'"lOm ^"'^^ )"'~-'"7m-i ■ But d„^M,d„,m are of order n"'', with f3 = I/7 (see 
Lemma 3.1), and since (1 + 7)(1 — 9) > 1, we see immediately that for large n: 

uiA„{e))<C'u'iA'Jln,, 

where C is a suitable constant, depending on m. Let us now define the following objects: 
A„{eo)- the backward iterate of A n (9iJo), Ceg- minimum length of the backward 
images of the curves J^x H B^g (dRo), when x £ A'; AJj = G A'„; d{z, dA'^) > Ceq} ^^'^ 
^n,eo~^^^Shh^^h^*^^ ^^,£0' ^eing ^n,eQ — ^n,eo sin ^0 . Moreover by what 
we already said above and which follows from Lemma 4.3, the bounded distortion property 
along the points of the backward images of the curves ADBeq (dRo), will imply that ^^^^^ will 
be of the same order as In, eg (the maximum length of the backward images of the curves). 
Taking this into account we get: 

1 

By using as above the uniform bounds on dn^M, dn,m when n is large, wc see that u{A„{eo)) > 
C"v'(AJj)Z„,eQ , where C" is a suitable constant depending on m. By dividing i'{A„(e)) and 
u{A„{£o)), we get the desired result. 
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X. Note that {Ex} determines a vector field. We can integrate it to get a family 
of curves {J^x} from p to boundary points of TR that satisfies TJ^x^TR = Ttx- 
By our assumption, {Fx\ is the "strong unstable manifold" at x. 

It is easy to see that the curve passing through x is unique, and therefore 
forms a foliation. In fact, if there are two such curves J-x and T'x that pass 
through X, then we can take a curve F close to x joining y £ Tx and y' e T'x 
such that the tangent line of F is in C. Let us denote by An the area of the 
"triangle" bounded by the curves Tf "F, Tf "J^^^^, and Tf "JP^^,, and by L„ and 
L'n the lengths of the curves T^^Tx.y and T^^T'x y, respectively, where !Fx,y is 
the part of the curve in Tx between x and y, and T'x yi is understood in a similar 
way. By the assumption stated in Part (c), the ratio between An and L„ • L'n 
tends to infinity, a contradiction. □ 



Lemma 4.2. For any v, v' E Cx, 

smZ{DTxiv),DTxiv')) < (1 - d\x\'')smZ{v,v'). 
where the symbol denotes the angle between the vectors v and v' . 



Proof: Note that 

I , , r,T I I ■ \DT4v')\ ■ sin Z{DTx{v),DTx{v')) 
\aetVlx\E{v.v')\ = 1 I I ,1 — : — 77 ^ 

and 

W^-i-xiEiv)]] - — n — ' \\^^x\e{v')\\ - — rn — • 

Then the results follows from H1.10|l . □ 



Lemma 4.3. There exist constants H > 0, a > 0, and Ti G (0, 1), such that for 
all X £ TR\{p}, 

d(Ex,Ey) < ^^^j^^ yy £ B{x, a\x\), (4.5) 

where d{Ex,Ey) is defined by d(Ex,Ey) = sinZ{vx,Vy), Vx and Vy are the 
tangent vectors of Tx and J-y at x and y respectively chosen in the way that 
(i<Avx,Vy) <7r/2. 

Proof: We note that we only need prove (|4.5|l for all a; in a small neighborhood 
R C R oi p, because DTx{Ex) = Etx, and then the results can be extended to 
TR. 

Take d £ (0, rf). Then for each x we can extend Cx to Cx such that H1.10|l 
hold with d for all v £ Cx and v' £ Cx- By lfT3|) and the fact that T is C^+'^ , 
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we can write DT{x) = To (a;) + T^{x) + Th{x), where Tq = DTp, satisfies 
T^itx) = t^T^{x) Vt > and = o(|a:|'''). So it is easy to see that we can 

find Ed > such that Cx O E>™'~^ contains an £a-neighborhood of Cx H S™^^ in 
gm-i gT^Y X with \x\ small. Moreover, since Cx is uniformly continuous in [t, (^), 
we can take a > and R small such that for all x Cz R, with d{x,y) < a\xp ^ 
Cy C Cx- So if € Cx and v' & Cy, we have 



I det DTx\E(vy)\ 



\DTx\e{v)\\ ■ \\DTx\e{v')\ 



< 1- J|a;P 



Hence, by the same arguments used in Lemma 14.21 we have 

smZ{DTxiv),DTxiv'))< (1 - d>p) sin (4.6) 
Take n e (0, 1) such that 

2^ ^ J \ \x\ d{Tx,Ty)) - ^ '> 

for all a: G i? close to p with d{x, y) < a\x\. 

Take < ai < a such that if d{x,y) < ai|a::|, then 

\\DT{x) - DT{y)\\ < C2\xr^d{x,yrK (4.8) 

for some C2 > 0- This is possible because of (|1.7|) . 
Take H >0 such that Hd > 2Ci. 

Let L — {Lx : x E R\{p} } be the set of all line bundles in the tangent bundle 
over R. Clearly DT induces a map T) : C ^ C given by {T>C)x = DTx{Lrp-i^), 
and £ = {Ex} is the unique fixed point of V contained in C. Denote 

{{Lx}eCnC:diLx,Ly)<^^^l^^ yyeB{x,a^\x\)y (4.9) 

We show that ViH) C H. This implies the resuh since {Ex} = n„>oX'"C. 

Take {Lx} G Ti.. Let x,y G R with d{x,y) < ai|x|. Take unit vectors 
Cx e Lx, Cy G Ly. So siiiZ{ex,ey) < H\x\^^''d{x,yyK By and 

sin Z{DTx{ex),DTy{ey)) 

< sin Z{DTx{ex),DTx{ey))+ sin Z{DTx{ey),DTy{ey)) 

< (1 - d\xp) sinZ(e„ ey) + \DTx{ey) - DTy{ey)\ 

< ii-d\xn^^^^^+c2\xr'd{x,yr 

= [(i-j|.r)i7+c.i.r]^(^^'^^)" i^^i^^ 



iTxI^i d{Tx,Tyy^ \x\^^ 

By the choice of -ff, the quantity in the blanket is less than 1 — dlx]"^ /2. Then 
by l|T7jl the right side of the inequahty is less than H\Tx\~'^^d{Tx,Tyy^ . We 
get the desired results. □ 
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Lemma 4.4. There exists J* > such that for any x,y with d{xi,yi) < {xil'^ 
for some j > 1, i ~ 1, ■ ■ ■ ,n, 



\DTnx)\E. 



(^)l 



Proof: Take an integer f > 2Cq/Co, where Cq and Cq are as in p.6|l . We 
assume that xq < 1 / (-fCQko)'^ for some fco > 1. Then we take ki — (P — l)fco 
for i = 1, — 1, where ^ — 1 is the largest number j such that kj < n. Let 
kg — n. By Lemma l3. II we know that 

|a:,r<2/(7C^(fco+j)). (4.11) 

Hence, (|1.6|l imphes 

]=ki-i 3=ki^i J = ki-i 

for some C larger than 2C/jCq if ki is large enough. So the choice of f gives 

ko + h \ C' 



-^-||<(-^2±^) <.-^ (4.12) 
" - \ko + k,^iJ - ^ ' 



for all i > 0. 

Let ex be the unit tangent vector of T at x. We have 



|Z?Tr"(:r)U4^)| l^r«(e,J| \DTS^{eyJ\ \DT^Jey„ 

^^\DTx'l-'-^iey,)\'l\\DTy^iey,)\- 



i=l 



By the results of Lemma 14.31 and H4.12|l , each factor in the first product is 
bounded by 



1 



\DT^:;''-'{ex,j\-\DT^:-'^-\ey,j\ 



■ BHd(xk ,yk Y^ , , 

where we use the fact that \ex^. ~ &yk \ — ^ ^^^'^i^xk T^yk ) for some B > 0. 
Also note that by (|4.11|) and the choice of ki, {\xki\} decreases exponentially 
fast as i — > oo. Since 7 > 1, the first product in above equality is convergent. 
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For the second product, by p.7|) each factor is bounded by 

^ , \DT,,{ey^)\-\DTy^{ey^)\ ^ C\x,\''-^d{x,y) ^ C\ 



17+7-1 



DTy^{ey^)\ - \DTy^{ey,)\ - \DTy^{ey^)\- 

By H4.11|l and the fact 7 > 1, we know that l^^jp^'*'^^ converges. So the 
product is also bounded. We get the result. □ 



5 Proof of Theorem A 

In this section we first introduce a subspace Va of = i^(M™, v) with compact 
unit ball that contains the density function of the invariant measures of the 
induced map of T with respect to the relatively compact subspace M\R. Here 
we only give a brief description and list some properties we use. We refer to |17| 
and U3] for more details. 

Let / be an L^(M™,i^) function. If is a Borel subset of M™, we define 
the oscillation of / over Q by the difference of essential supremum and essential 
infimum of / over f2: 

osc(/, n) ^ Esup / - Einf /. 
n 

If B^{x) denotes the ball of radius e about the point a;, then we get a measurable 
function x osc(/, B^{x)). The function have the following properties. 

Proposition 5.1. Let f, fi, g e L°°{R"^, v) with g > Q, e > Q, and S he a Borel 
subset o/R". Then 

(i) osc(^/„ <^osc(/„ B,{-)), 

i i 

(ii) osc(/xs, < osc(/, 5nBe(-))xs(-)+2[Esup f]xBAS)nB^i.s^), 

(iii) osc(/g, S')<osc(/, S')Esup5 + osc(g, S')Emf/. 

Proof: See [TT] Proposition 3.2. □ 
Take < a < 1 and Eq > 0. We define the a-seminorm of / as: 

|/U= sup e-" / osc{f,B,{x))dv{x). (5.1) 

0<e<eo JR'" 

We will consider the space of the functions / with bounded a-seminorm, namely: 

= {/e : I/la <oo} (5.2) 
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and equip Va with the norm: 

MU = M|l+|-|a, (5.3) 

where || • ||i denotes the norm. This space will not depend on the choice 
of cq. With the || • ||o, norm, Va is a Banach space; moreover according to 
Theorem 1.13 in 1131, the unit ball in Va is compact in L^. 

Proposition 5.2. Let / e Vai then: 

(i) ll/lloo < — -T^rll/ll" provided Eq < 1. 

(ii) There exists a ball B^{x) such that Einf / > 0. 

Proof: See ^7] Proposition 3.4 and Lemma 3.1. □ 

To prove Theorem A we need one more ingredient, the so-called Lasota- 
Yorke's inequality, which will be proved in Section 6. This inequality provides 
an upper bound on the action of the Perron-Frobenius operator on the elements 
on Va- Such an operator will be defined on the subspace M\R with a potential 
given by the inverse of the determinant of the induced map. We will denote it 
as Pf. We will prove that: 

\Pf\a<V\f\c.+D\\f\\, 

where rj < 1 and D < oo. This, plus the compactness in of the unit ball of V^, 
will allow us to invoke the ergodic theorem of lonescu-Tulcea and Marinescu ^21 
(see also jT^, Theorem 3.3), to conclude that there exists a unique (greatest)^ 
invariant probability measures fi which is absolutely continuous with respect 
to v on M\R and which decomposes into a finite number of cyclic disjoint 
measurable sets upon which a certain power of the map is mixing. 

Proof of Theorem A: 

Recall that R is given in Assumption 3. We construct a induced system 
{M,f). Denote M = M\R. Let f : M ^ M be the first return map of 
T, so that f{x) = T{x) if x ^ P-^R, otherwise f{x) = T^+^{x) = TlTj{x) 
if a; e T^^R, where i is the smallest positive integer such that TlTj{x) ^ R. 
We denote g{x) — | det £'T(a:)|~^, and similarly g{x) — g{x) ii x ^ T~^R and 
g{x) — I det _DT*+^ (a:) I ~^ if otherwise. Let i) be the conditional measure of the 
Lebesgue measure ly. We may still think that i> is a Lebesgue measure with 
i>(M) = 1. 

Let P be the Perron-Frobenius operator of T with the potential function 
logfl'(a;), i.e. 

Pf{x) = ^ f{y)g{y). 

Ty=x 

§ "Unique greatest" means that any other measure absolutely continuous with respect to u 
is absolutely continuous with respect to /i. 
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Then let P be the Perron- Frobcnius operator of T with the potential function 
logg{x). 

By ProDOsition l6.2l in the next section we have the Lasota-Yorke's inequality 
for the induced system {M,T). So T has an absolutely continuous invariant 
probability measure ji on M with density function h that has finitely many 
ergodic components. 

We extend jl to M to get an invariant measure of T. Recall _Ro = TR\R, 
and let i?„ = T^'^Rq for n > 0. By Remark 11.11 diami?„ 0. So we have 
R = X^^Jii U {p}. We extend h to Rto get a density function h on M. That 
is, if h is defined on M\T^"R, then for x e T^'^R\T^'^^^R, we let 

= • (h{Tx) - h{Tr^Tx)g{Tr^Tx)) . 

It is easy to see that h> and Ph ~ h on M . Let /i be the measure on M with 
density h. Clearly, /i is invariant under T and has the same number of ergodic 
components as /t does. 

oo 

Next, we show that /iM is finite if '^^i'{T^^ R) < ao. Since /i is invariant, 

i=l 

we have 

K' 

fiRi = fJ.Ri+1 + y^/i(r.r^_R,,), 

where we assume that in addition to T^^R G Ui, R has K' — 1 preimages in 
C^2j • • • , Uk', where K' < K. Take summation from i = n to infinity, we get 

K' oo K' 

j=2 i=n j=2 

Note that ||/i||oo < co since /i S V^, and then note that the Jacobian of is 
less than or equal to 1. We have 

M(i;-^Tf"i?) < \\h\\^,y{Tr^TrR) < ||/i||oo^^(Tf "i?). 

Hence 

oo oo 

Aii?=E//i?„ < \\h\\^{K' - l)Y,'^{Tr"R) < ^- (5.4) 

n—l n—1 

Now we prove the last part of the theorem. By Proposition 15 . 2r ii) . there is 
a ball B^{z) C M \ R such that Einf /i > /i* > for some constant /i* . By our 

assumption, there exists iV > such that Bs{z) Z) M. So for any x G M, 
there is yo £ Bs{z) such that T^yo — x. Since | detDTj is bounded above, we 
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have 5, := mi{g{y) : y € M} > 0. Hence, for every x, 



h{x) = {P^h){x)^ J2 Hy) II g{ry) > h{yo) l[ g{T^yo) > Kgi 



1=0 1=0 



In this case, we can use a similar method as for (15.411 to get 

00 _ K' 

n=l j=2 

This ends the proof. □ 



6 A Lasota-Yorke type inequality 

Let R be as in Assumption 3. Denote f,j = T^Tj and J/y = fr-\Ro) = T~^Ri 
for i > 1 and Uoj = Uj\T^^R. So if TUi ^ p, then Uu is undefined for any 
i > and Uqi = Ui. Clearly, Uij C Uj for alH > and {Uij,i > 0} are pairwise 
disjoint. 

Lemma 6.1. There exists < eg < £5 such that for any Eq < Sq, e < Eq, 

xe M, 

,#^^ K^7'-^e(9i?o)ni3(i_,),„(x)) ^ A£° 
where A is given by Assumption 3(b). 

Proof: Note that the sets U°)^idUij, j = 1, - ■ ■ ,K, are pairwise separated. So 
by Assumption 3(b) and the definition A in p. II) we only need prove that there 
exists £5 > such that for any given j, for any x in the eg-neighbourhood of 

T^^Rq, if < e < eo < £6, then 



00 



Take 



^^ ,y{fr/B,{dRo)nB^,_,-,,,{x)) ^ Ae" 

to -So- ^ ' 



A(l - s)™N V" 



. , , /Ali-Sl"'N 

e6<mm{e5,e3}-( , J 



where £3 is given by Assumption 3(c). 

Recall that Ns is also given by Assumption 3(c). Reduce eg if necessary such 
that for any x, the ball i?(i_s)£g (a;) intersects at most one connected component 
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of the set {fr^^ B^^,{dRo),0 < i < N,l < j < K}. We also require ea small 
enough such that for any I < j < K , 1 < i < Ng, the part T^^dRo (1 Bs^{x) 
are close to an (m — 1) dimensional plane. 
Take e and eq such that < e < eq < ee • 

We first consider the case l<i<Ns. Note that f~-'^Be{dR(i)f]B(^i_s)^^ (x) C 

BseiTj^^dRo) n The volmnc of the latter is close to 7m_i((l — 

Kt^^BJdR)nBn_^)sJx)) 
s)eor-' ■ 2se = 2s7™-ie(l - s)— ^e^'^ So ^ % ' Z ,;^ °^ " is 

J^(-D(l-s)eoWj 

close to ; — . Hence, by Assumption 3(b), 

7m(l - s)"'e^ (1 - s)7„eo 

we know that it is less than Xe"/sQ. 

Now we consider the case that i > N^. 

^ . / 2Cj/2 

Let £ = £o T7 — ^ — ^ — • we have £ < £5. 
VA(I-s)™/ 

For each i, wo take a partition = {An, Ai2, • • • , } satisfying Assumption 
4(c) with n = i and e < £5. Denote An, ~ Ai^r) Bg{dRo), A'^^, = Aif^^^B^idRo), 
Aijk = fr^'Ak and A^, = fr^'A'^,. Then we let 

A = {Aijk : A'ij^ n S(i_,),,(a;) ^ 0}, ^' = {A^^ : A^.-fe G A}. 

By abusing notations, we may also think that A and A' are the unions of the 
sets they contain. 
By the fact 

uAijk= [ \det Df7]\x)\du{x) 
and Assumption 4(c), we know that 



(6.3) 



I/Ai,fc - £« 2Q72£a 2£g 

Denote s* = s\iy>{s{T^^'{z),T^'') : zGBe{Ro)}. Note that by Assumption 
4(c), diam^jfc < 5mi < 5m£o(^ ^^^ — y^j ■ Since « > A^s, by Assumption 
3(c), we have 

di&m Aijk < 5m£o(^ ^^^ _ ^^^ j • s* = s£o. (6.4) 

So if Aijk € -^i then Aijk H B(i_s)£g(a;) ^ 0, and therefore Aijk C ^^^(a;). That 
is, 

AcBe,{x). (6.5) 

Note that 

00 

y f-.'B,{dR) n (x) C (6.6) 

i=0 
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By (jnSIl-liniSl), we get 

2-^ lAU,, s - 



2e^ 7,„(l-s)"£™ e^' 

This is (16.211 . the formula we need show. □ 

Proposition 6.2. Assume that T : M ~> M satisfies Assumption 1-4-, and 
T : M M is the reduced system with respect to M — AI\R. Then there exist 
T] < 1 and D < oo such that for any f (z Va ^ Valea), we have Pf G Va and 

\Pf\o.<v\fU + D\\f\\, 

for all Eq sufficiently small. 

Proof: Take C > such that for any e < £4, 

(1 + Js"e'')(l+cs''e") < 1 + Ce", (6.7) 

where c and J, £4 and are given in Assumption 4(a) and (b) respectively. 

Recall that by Assumption 3(b), s" + A < rjo < 1. Take 6 > such that 
(s" + A) + iK'h^^ < 1, where K' is the number of preimages of p for the map 
T. Recall also that £i,£2, £4 and £0 are given in Assumption 1(b), 3(b) and 
4(b) and Lemma l6 . II respectively Take £0 < min{£i, £2, £4, £5} such that 

ry := (1 + C£?)(s" + A) + 3K'b^-J < 1. (6.8) 

Denote 

Recall that G';7(a;, £, £0) is given by p.2|) in Assumption 3(b). Note that if £0 
is smaU, then supp G(7(-, £, £0) and supp G^X-, £, £0) are disjoint. Also, by 
and Lemma l6. II we know that 

A£" 

G(£,£o) = sup{G[/(x,£,£o),Gi?(a;,£,£o)} < — ^. (6.9) 
Then we take 

= 2C + 2(1 + Ce") sup G(£,£o)£"" + K'b-f~\ (6.10) 

e<Eo 

By (jnSIl, G(£,£o)£-" < A£^". We have D < 00. 
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Let £ < eq. 

By Proposition 15. II 

K oo 

osc(P/, <^^osc((/5)oT;Tixt^^^, B,{x)) 

K oo 

■ - ■ - -Be (2;) 



if 00 



= E E (^)Xf C/., (^) + 4'' ^^)XBA9fU.,) (^)) • (6-11) 

Denote yij — T~-^x. We can choose N = N{e) > for each < e < Eq 
according to Assumption 4(b). 

For R^lj^{x) with X e fU^j, we first consider the case i < N{e). By 
Assumption 4(a), (b) and we have g{v'ij) / g{yij) < (1 + Js"e")(l + 

cs"e") < 1 + Ce" if d{T'+^y,,,T'+^y[^) < se. Hence g(^/^) < (1 + Ce")5(y^j) 
and osc(g, Bse{yij)) < 2(e°'g{yij). So we get 

i?g^(a;) = osc(/.g, fr^B,{x) n 

< osc{ f, Bse {yij) nUij) Esup g + osc{g, Bse{yij) n Uij) Einf / 

< (l + Ce")osc(/, i?,,(y,,)n[/,,).9(y,j) + 2Ce"/(2/y)g(2/.,). 
If i > N{e), then we must have x Rq, and therefore 

(a:) = osc(/g, T;7ii?,(a:) H [/,,) 

< osc{f, Bse{yij)r]Uij) Einf g + osc{g, Bse{yij) n Uij) Esup / 

< 0SC(/, Bse(y»i) n f/y)5(?/jj) + ll/lloo sup 5. 



By Assumption 4(b), for any x S i?o, E^ — ^s'""''"- Hence, 

^=N fr^B^x) 

K 00 



EE4'^(^)^™.,(^) < if'&£"+"||/||ooXKo(2;) 



K 00 



+ EE((l + C£")osc(/, S,e(2/^,)n!7,,)g(2/„) + 2C£"/(y.,)5(y.,)) 
i=i i=0 

< if'te™+"||/|Ux%(^)+ (1 + Ce")[i^osc(/, i?,e(-))] 2Ce"(P/)(a:). 



28 



Since Jj^-j PfdD = /^^ Jdv for any integrable function /, we have 

^ K oo 

< K'be"'+^f\\oo>>Ro + {l + C£") f osc{f, B,,{-))dO + 2Ce" f fdD 

Jm Jm 

< (l + Ce")s"£"|/U + 2C£"||/||i + if'6£"+"||/||ooi>i?o. (6.12) 

(2) 

As for Rlj'{x), if z < N{e), then we have 

Esup(/g) ofr^^<[ Esup + C^")- 

Hence by the same method as in ^7], we get that 

„ K Nie) 

/ E E 4'^Xb,(9™.,)^^> < 2(1 + Ce")G(e,£o)(£o"l/U + ll/lli)- 
If i > N{e), then Esup(/5) o T;-i < |1/|U sup g, and 



if 



oo 



E E 4'^Xs.(a™.,) < 2i^'ll/lloo E . f P 
Again, by Assumption 4(b) it is bounded by 2_ftr'6e'"+"||/||oo- So we have 

K 



< 2(1 + Ce")G(£,£o)(eE?|/U + ll/lli) + 2i^'6£'"+"|l/|Ui>i3s(ai?o)(6.13) 

We may assume that vRq + i)B^{dRo) < 1. By Proposition 15 . 2f i) and (|5.3|l 
we have that £'"+"||/||oo < 7;;'£"II/IU and = |/U + ||/||i respectively. So 
by (|CTT) . and we get 

/ osc{Pf, B,{-))di) < [(l + Ce")(s"£" + 2G(e,eo)e?)+3i^'&7™'£ll/U 
+ [2Ce" + 2(1 + Ce")G(£, eq) + 3if'67™ e"] ll/lli- 
Now the result follows by the choice of 77 and D in Ht).8|) and Ht).10|l . □ 
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